Quantum-mechanical description of entanglement between photon's
  polarization and momentum by Li, Chun-Fang
ar
X
iv
:1
70
1.
03
90
0v
1 
 [q
ua
nt-
ph
]  
14
 Ja
n 2
01
7
Quantum-mechanical description of entanglement between
photon’s polarization and momentum
Chun-Fang Lia
Shanghai Key Lab of Modern Optical System,
Engineering Research Center of Optical Instrument and System,
Ministry of Education, School of Optical-Electrical and Computer Engineering,
University of Shanghai for Science and Technology, Shanghai 200093, China and
Department of Physics, Shanghai University,
99 Shangda Road, 200444 Shanghai, China
(Dated: September 18, 2018)
Abstract
It has been accepted that the polarization of the photon in vector beams is entangled with its
momentum. Here a quantum description is advanced for the polarization that shows entanglement
with the momentum. This is done by showing that the Jones vector at each value of the momentum
plays the role of the polarization wavefunction in the sense that the Pauli matrices represent the
Cartesian components of the polarization in the local reference system with respect to which the
Jones vector is defined. The unit vector that the constraint of transversality condition requires to
specify the local reference system turns out to be a gauge degree of freedom that determines the
entanglement of the polarization with the momentum and has observable effects.
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Introduction The Stokes parameters in classical optics describe the polarization of a plane
wave [1, 2]. They are usually characterized as the Cartesian components of the so-called
Stokes vector on the Poincare´ sphere [3]. Such parameters have been generalized to operators
in quantum optics [1, 4–7] to describe the polarization of the photon. But on the other hand,
it has been gradually recognized that the polarization of the photon in vector beams [8–11]
is entangled with its momentum [12], its position [13], and its orbital angular momentum
[14–16]. For example, the cylindrical-vector beams [17–20] show cylindrically symmetric
polarization. The purpose of this Letter is to put forward an operator for the polarization
that carries the hybrid entanglement with the momentum. The possibility for us to do so
lies in the observation that the Stokes parameters in classical optics have a definite relation
with the local reference system with respect to which the Jones vector is defined. To our
surprise, the degree of freedom to specify the local reference system determines how the
polarization is entangled with the momentum and has observable effects. Because we are
concerned only with the polarization of single photons, the discussion will be made in the
framework of first quantization [21].
In quantum mechanics, the intrinsic degree of freedom of particles is described by a
multiple-component wavefunction. For instance, the spin of the electron is described by a
two-component wavefunction. It is well known that the electric vector E(x, t) of a radiation
field in position space satisfies the transversality condition,
∇ · E = 0. (1)
Since the oscillation direction of the electric vector reflects the polarization state of the
photon, this condition implies the entanglement of the polarization with the position. But
unfortunately, the electric vector is not the wavefunction of the photon. As a matter of
fact, due to the nonlocality of the photon [22–25], the position-space wavefunction cannot
be introduced [21, 26] in the usual sense [27]. However, the momentum-space wavefunction
is well defined. In a manifestly non-relativistic formalism [28], it is a vector function f(k, t)
satisfying the Schro¨dinger equation
i
∂f
∂t
= ωf , (2)
where k is the wavevector, ω = ck is the angular frequency playing the role of the Hamil-
tonian, and k = |k|. So the polarization, the intrinsic degree of freedom, of the photon is
described quantum-mechanically by the vector wavefunction (VWF). Here there is a peculiar
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feature that does not usually occur in quantum processes. This is that the three components
of the VWF are not independent. They are constrained by the transversality condition,
f ·w = 0, (3)
where w = k/k is the unit wavevector. It should be pointed out that the Schro¨dinger
equation (2) together with the transversality condition (3) is equivalent to the relativistic
Maxwell’s equations [21, 28]. In particular, when written as E = 1√
2
(E + E∗), the electric
vector of a radiation field can be expressed in terms of the VWF as
E(x, t) =
1
(2π)3/2
∫ (
~ω
ε0
)
1/2
f(k, t)eik·xd3k. (4)
In view of this, Eq. (3), which now implies the entanglement of the polarization with the
momentum, should be regarded as a quantum-mechanical constraint that is imposed by the
relativistic nature of the photon. What is actually done in this Letter is to investigate the
role of the constraint (3) in the quantum-mechanical description of the polarization.
From Stokes parameters to polarization operator Constrained by the transversality con-
dition (3), the VWF has only two independent components. To see how the constraint
affects the quantum-mechanical description of the polarization, it is beneficial to convert
the VWF into a wavefunction that consists of two independent components. Fortunately,
such a conversion has been prepared in classical optics in the context of a plane wave, giving
rise to the Jones vector [3]. Let us first introduce the polarization operator by reexamining
the property of the Stokes parameters that are completely determined by the Jones vector
and appreciate the physical significance of the gauge degree of freedom that comes from the
constraint (3).
Suppose a monochromatic plane wave the momentum of which is along the positive z-
axis. Its electric vector can be written as E0(z, t) = Ea0 exp[i(k0z − ω0t)], where E denotes
the amplitude and a0 is the unit electric vector. Due to the transversality condition (1), the
momentum defines the transverse plane within which the electric vector a0 is located. As
a result, a0 can be expanded in terms of two orthogonal base vectors that are also located
within the plane. Consider an arbitrary Cartesian reference system xy in this plane and
denote its axes by unit vectors ex and ey that form with the unit vector ez of the z-axis
a right-handed reference system xyz. Choosing ex and ey as the base vectors as usual, a0
can be expanded as a0 = axex + ayey. The expansion coefficients make up the Jones vector
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a˜0 =
(
ax
ay
)
. For convenience, a 3 × 2 matrix ̟0 = ( ex ey ) is introduced to rewrite the
expansion as
a0 = ̟0a˜0, (5)
where vectors of three Cartesian components such as ex and ey are expressed as column
matrices. Since ̟†
0
̟0 = I2, where the superscript † stands for the conjugate transpose and
I2 is the 2× 2 unit matrix, it is seen from Eq. (5) that the Jones vector can be expressed in
terms of the electric vector as
a˜0 = ̟
†
0
a0. (6)
With the Jones vector, the Stokes parameters of the plane wave are given by [3]
s0i = a˜
†
0
σˆia˜0, (7)
where σˆi’s are the Pauli matrices,
σˆ1 =
(
1 0
0 −1
)
, σˆ2 =
(
0 1
1 0
)
, σˆ3 =
(
0 −i
i 0
)
. (8)
The Stokes parameters (7) are completely determined by the Jones vector a˜0. Nevertheless,
they are not completely determined by the electric vector a0. This is because the Jones
vector is defined with respect to the momentum-dependent reference system xyz. But the
momentum cannot define the transverse reference system xy. It defines only the transverse
plane. There is a degree of freedom to choose the transverse reference system that is different
from one another by a rotation about the momentum. It is thus essential to analyze how
the Stokes parameters are related to the momentum-dependent reference system xyz.
To this end, consider a new momentum-dependent reference system x′y′z that is different
from the old one xyz by a rotation of an angle φ about the momentum. The unit vectors of
its transverse axes are given by
ex′ = ex cos φ+ ey sinφ,
ey′ = −ex sinφ+ ey cosφ.
Letting ̟′
0
= ( ex′ ey′ ), these two equations can be rewritten compactly as
̟′
0
= exp[−i(Σˆ · ez)φ]̟0, (9)
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or as
̟′
0
= ̟0 exp(−iσˆ3φ), (10)
where (Σˆk)ij = −iǫijk with ǫijk the Levi-Civita´ pseudotensor. In the new reference system,
the Jones vector of the plane wave becomes
a˜′
0
= ̟′†
0
a0 = exp(iσˆ3φ)a˜0 (11)
by virtue of Eqs. (10) and (6), which in turn expresses the electric vector as
a0 = ̟
′
0
a˜′
0
. (12)
Accordingly, the Stokes parameters become
s′
01
= a˜′†
0
σˆ1a˜
′
0
= s01 cos 2φ+ s02 sin 2φ, (13a)
s′
02
= a˜′†
0
σˆ2a˜
′
0
= −s01 sin 2φ+ s02 cos 2φ, (13b)
s′
03
= a˜′†
0
σˆ3a˜
′
0
= s03. (13c)
Apparently, the first two Stokes parameters depend on the choice of the momentum-
dependent reference system. Only the third one does not. It is well known that the
Stokes parameters can be characterized as the Cartesian components of the Stokes vector
on the Poincare´ sphere. Now that they are completely determined by the Jones vector,
it is only possible to stipulate that they are the Cartesian components of a vector in the
momentum-dependent reference system with respect to which the Jones vector is defined if
they are to be related to this reference system. In particular, Eqs. (13) suggest that the
Stokes parameters (7) constitute the following vector in the old reference system,
s0 = s01ex + s02ey + s03ez ≡ a˜
†
0
σˆa˜0, (14)
where
σˆ = σˆ1ex + σˆ2ey + σˆ3ez. (15)
So introduced vector is known in quantum mechanics [29] as the polarization vector. By
this it is meant that analogous to the spin of the electron, the polarization of the photon can
also be represented by the Pauli matrices. But it is noted that the polarization wavefunction
(PWF) here is the Jones vector a˜0 rather than the electric vector a0. This is in consistency
with the fact that the Pauli matrices represent the Cartesian components of the polarization
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in the momentum-dependent reference system xyz with respect to which the PWF is defined.
Furthermore, because the Pauli matrices satisfy the canonical commutation relation of the
angular momentum,
[σˆi, σˆj ] = 2iǫijkσˆk, (16)
except for a factor two, only in the momentum-dependent reference system can the polar-
ization (14) transform as a vector [27] under the rotation that is generated by the Pauli
matrices. From now on we will only refer to this vector as the polarization.
In classical electromagnetism one can choose different gauge potentials to express the
same electromagnetic wave. Here one encounters a similar situation. This is that there is a
degree of freedom to choose the PWF to express the same electric vector as Eqs. (5) and
(12) illustrate. It appears that the PWF is a gauge representation for the polarization of
the photon. The gauge here is the momentum-dependent reference system. Once the gauge
is specified, the PWF has a one-to-one correspondence with the electric vector via Eq. (6).
Eq. (11) is the gauge transformation on the PWF. In this sense, Eq. (14) is the polarization
of the photon in the old gauge. The polarization of the same photon in the new gauge is
given by
s′
0
= a˜′†
0
σˆ
′a˜′
0
= s′
01
ex′ + s
′
02
ey′ + s
′
03
ez,
where the corresponding polarization operator is
σˆ
′ = σˆ1ex′ + σˆ2ey′ + σˆ3ez. (17)
With the help of Eqs. (10) and (13), it becomes
s′
0
= s01(ex cosφ− ey sin φ) + s02(ex sinφ+ ey cosφ) + s03ez,
which is related to the polarization (14) in the old gauge by
s′
0
= exp[i(Σˆ · ez)φ]s0. (18)
In a word, the polarization is a gauge-dependent quantity. Eq. (18) is the gauge transforma-
tion on the polarization corresponding to the gauge transformation (11) on the PWF. More
importantly, the degree of freedom to specify the gauge has physically observable effects.
Observable effect of the gauge degree of freedom We have seen that only in a particular
gauge can the polarization be represented by the Pauli matrices (8). This means, on the basis
6
of the canonical quantum condition (16), that only in a particular gauge can the polarization
be canonically quantized. But because the quantum condition (16) is independent of the
gauge, the polarization quantum number that follows from this quantum condition and
the corresponding eigen PWF are physically meaningless unless they are associated with
a particular gauge. It is thus concluded from Eqs. (5) and (14) that one can change the
polarization of the photon by changing the gauge of the PWF with the PWF itself remaining
fixed. Specifically, if one changes the gauge of a given PWF a˜0 from the old to the new one,
one will change the electric vector from (5) into
aR
0
= ̟′
0
a˜0. (19)
Taking Eq. (9) into account, one has
aR
0
= exp[−i(Σˆ · ez)φ]a0.
Changing the gauge of a PWF amounts to rotating the corresponding electric vector about
the momentum. In principle, aR
0
does not have the same polarization as a0 does. Considering
that the polarization is gauge dependent, it is proper to compare polarizations between aR
0
and a0 in a same gauge. For this purpose, one substitutes Eq. (10) into Eq. (19) to give
aR
0
= ̟0a˜
R
0
, where
a˜R
0
= exp(−iσˆ3φ)a˜0 (20)
is the PWF of aR
0
in the old gauge. As a result, its polarization in the old gauge is
sR
0
= a˜R†
0
σˆa˜R
0
= (s01 cos 2φ− s02 sin 2φ)ex + (s01 sin 2φ+ s02 cos 2φ)ey + s03ez,
which is related to the polarization (14) of a0 in the same gauge by
sR
0
= exp[−2i(Σˆ · ez)φ]s0. (21)
This is one observable effect of the gauge degree of freedom. It is observed that Eq. (20) is
a rotation transformation on the PWF generated by σˆ3 in the old gauge. Eq. (21) shows
that the polarization in the old gauge transforms as a vector under such a rotation.
Entanglement of the polarization with the momentum Now we are ready to find out a
representation for the gauge degree of freedom by extending our results to a general quantum
state and to explain its physical meaning. The Schro¨dinger equation (2) has the following
general solution,
f(k, t) = F(k) exp(−iωt).
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To pay attention to its polarization, it is convenient to introduce the unit VWF a(k) =
F(k)/|F(k)| that satisfies
a†a = 1. (22)
For the plane-wave state considered above, the unit VWF is a = a0δ
3(k− k0ez). With the
unit VWF, the constraint (3) assumes
a ·w = 0. (23)
It means that the VWF a at each value of k can be expanded in terms of two orthogonal
k-dependent base vectors. Let be u and v a pair of mutually perpendicular unit vectors
that form with w a right-handed Cartesian reference system uvw, satisfying
u× v = w, v ×w = u, w× u = v. (24)
Choosing u and v as the base vectors, one can expand a as a = a1u+ a2v. The expansion
coefficients at each value of k make up the corresponding Jones vector a˜ =
(
a1
a2
)
in terms
of which one can rewrite the expansion as
a = ̟a˜, (25)
where
̟ = ( u v ). (26)
The 3 × 2 matrix ̟ in Eq. (25) performs a quasi unitary transformation in the following
sense. On one hand, ̟ acts on a Jones vector to produce a VWF that satisfies the condition
(23). It is easy to prove that
̟†̟ = I2. (27)
As a result, substituting Eq. (25) into Eq. (22) gives
a˜†a˜ = 1. (28)
On the other hand, multiplying both sides of Eq. (25) by ̟† from the left and using Eq.
(27), one has
a˜ = ̟†a. (29)
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It says that ̟† acts on a VWF to produce a Jones vector. Substituting it into Eq. (28) and
considering Eq. (22), one is led to
̟̟† = I3, (30)
where I3 is the 3-by-3 unit matrix. Eqs. (27) and (30) express the quasi unitarity [30] of
the matrix ̟. ̟† is the Moore-Penrose pseudo inverse of ̟, and vice versa.
The same as the polarization (14) of the photon in a plane-wave state, the polarization
in the general state a is defined by
s = a˜†ςˆ a˜ = s1u+ s2v + s3w, (31)
where
ςˆ = σˆ1u+ σˆ2v + σˆ3w (32)
and si = a˜
†σˆia˜. By this it is meant that the Jones vector (29) plays the role of the PWF in
such a way that the Pauli matrices (8) represent the Cartesian components of the polarization
(31) in the local reference system uvw. Since the matrix ̟ guarantees that the VWF (25)
satisfies the condition (23), the PWF (29) is not constrained by such a condition. In other
words, its two components are independent of each other. But it is important to note that
Eqs. (24) cannot completely determine the transverse axes, u and v, of the local reference
system uvw up to a rotation about the wavevector [31]. That is to say, whether the PWF
(29) or the polarization operator (32) has not yet been completely determined. To determine
the polarization (31), one has to figure out a way to specify the transverse axes. Fortunately,
it has been shown in classical optics [32–34] that this can be done by introducing a constant
unit vector, denoted by I, as follows,
u = v×
k
k
, v =
I× k
|I× k|
. (33)
Let us see how the polarization (31) is dependent on this vector.
Suppose that the transverse axes are specified by a new constant unit vector, I′ say, as
u′ = v′ ×
k
k
, v′ =
I′ × k
|I′ × k|
.
In this case, the VWF a is expressed similarly as
a = ̟′a˜′, (34)
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where ̟′ = ( u′ v′ ) and
a˜′ = ̟′†a (35)
is the new PWF. As remarked earlier, the new transverse axes, u′ and v′, are related to the
old ones, u and v, by a rotation about k. Letting be Φ(k; I, I′) the k-dependent rotation
angle, such a rotation can be expressed as
̟′ = exp[−i(Σˆ ·w)Φ]̟ (36)
or as
̟′ = ̟ exp[−i(ςˆ ·w)Φ], (37)
where ςˆ is given by Eq. (32). Substituting Eq. (37) into Eq. (35) and considering Eq. (29),
one finds
a˜′ = exp[i(ςˆ ·w)Φ]a˜. (38)
From these discussions it is concluded that the PWF (29) is a gauge representation. The
gauge is the local reference system uvw. The degree of freedom to specify the gauge is the
constant unit vector I that is introduced in Eqs. (33). Eq. (38) is the gauge transformation
on the PWF. In view of this, the polarization in the new gauge is given by
s′ = a˜′†ςˆ ′a˜′, (39)
where
ςˆ
′ = σˆ1u
′ + σˆ2v
′ + σˆ3w
is the corresponding polarization operator. Substituting Eq. (38) into Eq. (39) and taking
Eq. (37) into account, one finally gets
s′ = s1(u cosΦ− v sin Φ) + s2(u sinΦ + v cosΦ) + s3w,
which is related to the polarization (31) in the old gauge by
s′ = exp[i(Σˆ ·w)Φ]s. (40)
This shows that the polarization is gauge dependent. Eq. (40) is the gauge transformation
on the polarization corresponding to the gauge transformation (38) on the PWF.
One of the observable effects of the gauge degree of freedom in the general case can be
demonstrated in the same way as in the case of a plane wave. In particular, if the gauge of
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a given PWF a˜ is changed from the old to the new one, the VWF will be changed from (25)
into aR = ̟′a˜. With the help of Eq. (36), it takes the form
aR = exp[−i(Σˆ ·w)Φ]a. (41)
The polarization of aR is of course different from that of a. This is physically observable.
Again changing the gauge of a PWF amounts to rotating the corresponding VWF about the
momentum. The so-called spin Hall effect [35] of the photon is such a physical process [36].
The physical meaning of the gauge degree of freedom I can be understood as follows.
Even though it is usually compared to the spin of the electron in quantum mechanics [27],
the polarization of the photon is sharply different from the spin of the electron. The spin of
a free electron is supposed to be independent of its extrinsic variables such as the position
and momentum. But Eq. (32) reveals that the polarization of the photon is entangled with
its momentum in the sense that the Pauli matrices (8) represent the Cartesian components
of the polarization in the local reference system uvw rather than in the laboratory reference
system. Now that it specifies the local reference system uvw or its transverse axes, the gauge
degree of freedom determines how the polarization is entangled with the momentum. Based
on the conjugate relation between the position and momentum that is expressed by Eq. (4),
it can be expected that the gauge degree of freedom also determines the entanglement of
the polarization with the position [36]. It is hoped that the results reported here will find
important applications in the theory of quantum optics and in the techniques involving the
polarization of the photon.
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